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In this paper we focus on the partial wave method with the aim of exploring the scattering of
massless scalar waves due to the noncommutative Schwarzschild black hole. We determine the
phase shift analytically in low-frequency limit and we show that the scattering and absorption cross
section is modified. Specially, we show that in the low-frequency limit the scattering/absorption cross
section has its value decreased when we increase the value of the non-commutativity parameter. In
addition, we have confirmed this result by solving the problem numerically for arbitrary frequencies.
Such modifications found for the scattering and absorption cross section present similarities with
the Reissner-Nordstro¨m black hole.
I. INTRODUCTION
Noncommutative spacetime in gravity theories have been the object of several investigations in the recent literature
— see [1, 2] for comprehensive reviews. In particular, the study considering the effects of noncommutativity on black
hole physics has been an area of great interest, mainly because of the possibility of a better understanding of the final
stage of the black hole due to its evaporation. As is well known the noncommutativity eliminates point-like structures
in favor of smeared objects in flat spacetime [3, 4]. Furhtermore one has been shown in [5] that non-commutativity can
be implemented in General Relativity by modifying the matter source. Therefore, noncommutativity is introduced
by modifying mass density so that the Dirac delta function is replaced by a Gaussian distribution. In this way the
mass density takes the following form
ρθ(r) =
M
(4πθ)3/2
exp(−r2/4θ),
where θ is the noncommutative parameter and M is the total mass diffused throughout the region of linear size
√
θ.
In the present work we aim to analyze the scattering process of a noncommutative Schwarzschild black hole. For this
purpose we will apply the partial wave approach in order to determine the scattering and absorption cross section at
the low frequency limit.
Several works have been proposed to investigate different aspects of scalar wave scattering by black holes [9].
A number of studies have found that at the low frequency limit (GMω ≪ 1) [10–17], the differential scattering
cross section at small angle limit displays the following result: dσ/dΩ ≈ 16G2M2/ϑ4. Besides that, many previous
studies [18–20] have reported that at the low frequency limit the absorption cross section is equal to the area of the
black hole event horizon σ = 4πr2h = 16πG
2M2 [21]. In the last few years, an extension of the partial wave method has
also been applied in the physics of analogous black holes in fluids [22–28] as well as in the investigation of scattering
due to a non-commutative BTZ black hole [29]. Some studies on the scattering process of massive fields of black holes
were also investigated [30–34]. In string theory the scalar wave scattering by spherically symmetric d-dimensional
black holes has also been analyzed [35]. In [36, 37] the authors considering a noncommutative Schwarzschild black
hole have explored the effect of the noncommutativity on the matter accretion rate.
In the present paper we are interested in investigating the effect of noncommutativity on the scattering problem of
a massless scalar wave by a noncommutative Schwarzschild black hole. Thus, by adopting the technique developed
in [25–27, 29, 38, 39], we shall focus on the computation of the scattering and absorption cross section for a
monochromatic planar wave of neutral massless scalar field impinging upon a noncommutative black hole. In our
analyzes, we will consider only the long-wavelength regime, in which GMω ≪ 1. In [39] the authors introduced an
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2approximation formula to compute the phase shift δl ≈ (l− ℓ) analytically, where ℓ is defined by considering only the
contributions of l and ω appearing in the 1/r2 term modified after the power series expansion of 1/r. Therefore, by
adopting the approximation formula mentioned above, we find the phase shift analytically in order to compute the
scattering/absorption cross section for the noncommutative Schwarzschild black hole in the low energy regime. As a
result, we show that in the low-frequency limit the scattering/absorption cross section has its value decreased when
we increase the value of the non-commutativity parameter. In addition, we have confirmed this result by solving
the problem numerically for arbitrary frequencies. Moreover also argued that the obtained results are similar to the
scattering process of a massless scalar wave by a Reissner-Nordstro¨m black hole [17], with the difference of the fact that
the generated “effective charge” in this case is due to space noncommutativity. In [44] the thermodynamic similarity
between the noncommutative Schwarzschild black hole and the Reissner-Nordstro¨m black hole has been investigated.
Other types of black holes that have similarities to the Reissner-Nordstro¨m black hole have been investigated in [45]
and [46] by calculating the total absorption cross section and the differential scattering cross section.
The paper is organized as follows. In Sec. II we derive the phase shift and calculate the scattering/absorption cross
section for a noncommutative Schwarzschild black hole by considering analytical and numerical analysis. In Sec. III
we make our final considerations. We shall adopt the natural units ~ = c = kB = 1 throughout the paper.
II. NONCOMMUTATIVE SCHWARZSCHILD BLACK HOLE
In this section we aim to derive the phase shift in order to compute the differential scattering/absorption cross
section for a noncommutative Schwarzschild black hole by the partial wave method at the low frequency limit.
A. Scattering/Absorption Cross Section
The line element of a noncommutative Schwarzschild black hole is given by [5]
ds2 = f(r)dt2 − dr
2
f(r)
− r2dΩ2, (1)
where
f(r) = 1− 4M√
πr
γ
(
3
2
,
r2
4θ
)
, (2)
being
γ
(
3
2
,
r2
4θ
)
≡
∫ r2/4θ
0
dt
√
te−t = Γ
(
3
2
)
− Γ
(
3
2
,
r2
4θ
)
, (3)
the lower incomplete Gamma function and Γ the upper incomplete Gamma function. By imposing the condition
f(r) = 0, we obtain the event horizon radius given by
rH =
2rs√
π
γ
(
3
2
,
r2H
4θ
)
, (4)
where rs = 2M is the event horizon of the Schwarzschild black hole. The above equation can be written in terms of
the Γ function as in the following
rH = rs
[
1− 2√
π
Γ
(
3
2
,
M2
4θ
)]
. (5)
For M2/θ ≫ 1, we have
rH = rs
[
1− M√
πθ
e−M
2/θ
]
. (6)
The Hawking temperature for the noncommutative Schwarzschild black hole is given by
TH =
f ′(rH)
4π
=
1
4πrH
(
1− r
3
H
4θ3/2
e−r
2
H
/θ
γ (3/2, r2H/4θ)
)
. (7)
3We can write the Hawking temperature in the r2H/4θ ≫ 1 regime, replacing the horizon radius of equation (6) in (7)
and keeping the terms up to leadind order in θ, so we have
TH =
1
8πM
[
1− 4M
3
√
πθ3
e−M
2/θ
]
. (8)
Note that by maintaining only the first term we recover the Hawking temperature of the Schwarzschild black hole,
which is approximately the case for aforementioned limit.
Now considering the limit r2/4θ≫ 1 into (3) we have
γ
(
3
2
,
r2
4θ
)
≈
√
π
2
− r
2
√
θ
e−r
2/4θ, (9)
such that we can write the metric (1) in the form
ds2 = A(r)dt2 − dr
2
A(r)
− r2dΩ2, (10)
where
A(r) = 1− 2M
r
+
2M√
π
e−r
2/4θ
√
θ
≈ 1− 2M
r
+
8M
√
θ√
π(4θ + r2)
. (11)
In the above metric, in the last step, we have performed an approximation by replacing the Gaussian distribution,
e−r
2/4θ/
√
θ, to a Lorentzian distribution, 4
√
θ/
(
4θ + r2
)
, in order to simplify the computation of the phase shift in
the calculation of the scattering/absorption cross section.
In the next step we consider the case of the massless scalar field equation to describe the scattered wave. In this
case the massless scalar waves are described by the Klein-Gordon equation in the background (10), given by
1√−g∂µ
(√−ggµν∂νΦ) = 0. (12)
Now we can make a separation of variables into the equation above as follows
Φωlm(r, t) =
Rωl(r)
r
Ylm(θ, φ)e
−iωt, (13)
where ω is the frequency and Ylm(θ, φ) are the spherical harmonics.
In this case, the equation for Rωl(r) can be written as
A(r)
d
dr
(
A(r)
dRωl(r)
dr
)
+
[
ω2 − Veff
]
Rωl(r) = 0, (14)
where Veff is the effective potential, given by
Veff =
A(r)
r
dA(r)
dr
+
A(r)l(l + 1)
r2
. (15)
Next, we consider a new radial function, ψ(r) = A1/2(r)R(r), so we have
d2ψ(r)
dr2
+ U(r)ψ(r) = 0, (16)
where
U(r) =
[A′(r)]2
4A2(r)
− A
′′(r)
2A(r)
+
ω2
A2(r)
− Veff
A2(r)
, (17)
and
A′(r) =
dA(r)
dr
=
2M
r2
− 16
√
θMr√
π(4θ + r2)2
, A′′(r) =
d2A(r)
dr2
= −4M
r3
− 16
√
θM√
π(4θ + r2)2
+
64
√
θMr2√
π(4θ + r2)3
. (18)
4Now, we can perform a power series expansion in 1/r for the potential U(r), so the Eq. (16) becomes
d2ψ(r)
dr2
+
[
ω2 + U(r)]ψ(r) = 0, (19)
where now we have
U(r) = 4Mω
2
r
+
12ℓ2
r2
+ · · · , (20)
and we define
ℓ2 ≡ − (l
2 + l)
12
+M2ω2
(
1− 4
3M
√
θ
π
)
. (21)
Here ℓ2 was defined as the change of the coefficient of 1/r2 (containing only the contributions involving l,M, θ and
ω) that arises after the realization of the power series expansion in 1/r in Eq. (16). Notice that when r → ∞ the
potential U(r)→ 0 and the suitable asymptotic behavior is satisfied.
The phase shift δl can be obtained applying the following approximated formula
δl ≈ 2(l − ℓ) = 2

l −
√√√√− (l2 + l)
12
+M2ω2
(
1− 4
3M
√
θ
π
)
 . (22)
In the limit l → 0 we obtain
δl = −2Mω
(
1− 4
3M
√
θ
π
)1/2
+O(l) ≈ −2Mω
(
1− 2
3M
√
θ
π
)
. (23)
Note that in the limit l → 0 the phase shifts tend to a non-zero term. In this way, knowing the expression for the phase
shifts we can determine the scattering amplitude. Therefore, to determine the differential scattering cross section, we
will use the following equation [40, 41]
dσ
dϑ
=
∣∣f(ϑ)∣∣2 = ∣∣∣ 1
2iω
∞∑
l=0
(2l + 1)
(
e2iδl − 1) Pl cosϑ
1− cosϑ
∣∣∣2. (24)
In the limit of small angles it becomes
dσ
dϑ
=
4
ω2ϑ4
∣∣∣ ∞∑
l=0
(2l+ 1) sin(δl)Pl cosϑ
∣∣∣2 (25)
=
16M2
ϑ4
(
1− 4
3M
√
θ
π
)∣∣∣ ∞∑
l=0
(2l+ 1)Pl cosϑ
∣∣∣2. (26)
Hence the differential scattering cross section in this limit and for l = 0 is given by
dσ
dϑ
∣∣∣lf
ω→0
=
16M2
ϑ4
(
1− 4
3M
√
θ
π
)
+ · · · . (27)
The dominant term is modified by the noncommutative parameter θ. Thus, we verified that the differential cross
section is decreased by the effect of noncommutativity. As θ = 0 we obtain the result for the Schwarzschild black hole
case.
Now we will determine the absorption cross section for a noncommutative Schwarzschild black hole at the low
frequency limit. As is well known in quantum mechanics, the total absorption cross section can be computed by
means of the following relation
σabs =
π
ω2
∞∑
l=0
(2l + 1)
(∣∣1− e2iδl∣∣2) = 4π
ω2
∞∑
l=0
(2l + 1) sin2(δl). (28)
5For the phase shift δl of the Eq. (23), we obtain in the limit ω → 0 (l = 0) :
σlfabs = 16πM
2
(
1− 4
3M
√
θ
π
)
= ASch
(
1− 4
3M
√
θ
π
)
, (29)
where ASch = 4πr2s = 16πM2 is the area of the event horizon of the Schwarzschild black hole. Notice that the
absorption is decreased due to the contribution of the noncommutativity. Furthermore, our results for absorption
show concordance with the universality property of the absorption cross section which is always proportional to the
area of the event horizon at low-frequency limit [42]. In addition, in Fig. 1 we show the graph for the mode l = 0 of the
absorption cross section that was obtained by numerically solving the radial equation (14) for arbitrary frequencies.
By analyzing the behavior of Fig. 1 we can observe that the non-commutative parameter θ introduces a charge effect
when compared with the graph of the absorption of the Reissner-Nordstro¨m black hole [17].
The line element for the Reissner-Nordstro¨m black hole is given by equation (10) with
ARN (r) = 1− 2M
r
+
Q2
r2
. (30)
Here we should emphasize that the noncommutative parameter is related to the charge of the Reissner-Nordstro¨m
black hole by the relation
√
θ =
√
πQ2
8M
. (31)
From relation (31) note that the square root of the noncommutative parameter is proportional to the square of the
electric charge of the Reissner-Nordstro¨m black hole.
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FIG. 1: Partial absorption cross section to the modes (a) l = 0 and (b) l = 0, 1, 2.
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FIG. 2: Partial absorption cross section for mode l = 0 of the Reissner-Nordstro¨m black hole with Q/M = 0.5 compared with
noncommutative black hole with Θ = 0.065 (a) and Θ = 0.045 (b).
B. Numerical Results
Now we present the numerical results of the partial absorption cross section as a function of arbitrary frequencies
obtained through the numerical procedure as described in [43] by considering arbitrary values of 0 ≤ Θ ≤ 0.125, where
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FIG. 3: Partial absorption cross section for mode l = 0 of the extremal Reissner-Nordstro¨m black hole compared with
noncommutative black hole with Θ = 0.085 (a) and Θ = 0.115 (b).
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FIG. 4: Differential scattering cross section for (a) Mω = 1.0 and (b) Mω = 3.0.
Θ =
√
θ/(M
√
π). The graphs for Θ = 0 (Schwarzschild case), Θ = 0.05 and Θ = 0.065 (noncommutative case) and
Θ = 0.125 (extreme case) are shown in the figures (Fig.1–Fig.7).
In Fig. II A, we plot the partial absorption cross section for the l = 0 mode. We can see by comparing the curves
for different values of Θ that the absorption is decreased due to the contribution of the nocommutativity. Moreover,
when Mω → 0 the abostion tends to a nonzero value and when Mω increases it tends to zero. For Θ = 0 the graph
shows the result of the partial absorption for the Schwarzschild black hole. Thus for non-zero values of Θ, the partial
absorption for the noncommutative Schwarzschild black hole is decreased in relation to the Schwarzschild black hole.
In Fig. II A, we plot the contribution of the partial absorption to the modes l = 0, 1, 2. We observe that as we
increase the values of Θ the amplitude decreases.
We compared the cases of the non-commutative black hole (Θ = 0.045 and Θ = 0.065) and the Reissner-Nordstro¨m
black hole with Q/M = 0.5 that is presented in Fig. 2. We can observe that considering the values of Θ = 0.065 and
Q/M = 0.5 which corresponds to half of the interval in the respective cases the amplitudes do not match. However,
the graphs coincide for the values Q/M = 0.5 and Θ = 0.031 as shown in the graphs in Fig. II A.
In Fig. 3 we compared the partial absorption cross section for mode l = 0 of the extremal Reissner-Nordstro¨m black
hole with noncommutative black hole (for Θ = 0.085 and Θ = 0.115).
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FIG. 5: Comparison between the total absorption cross section of the noncommutative black hole and Schwarzschild black hole.
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FIG. 6: Total absorption cross section of the Reissner-Nordstro¨m black hole with Q/M = 0.5 compared with noncommutative
black hole with Θ = 0.065 (a) and Θ = 0.045 (b).
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FIG. 7: Total absorption cross section of the extremal Reissner-Nordstro¨m black hole compared with noncommutative black
hole with Θ = 0.85 (a) and Θ = 0.115 (b).
In Fig. 4 we plot the differential scattering cross section of a noncommutative black hole for the massless scalar
field for (a) Mω = 1.0 and (b) Mω = 3.0. In analyzing Fig. 4, we can observe that the effect of noncommutativity on
the differential scattering cross section is more significant at large angles.
A comparison of the total absorption cross section for the non-commutative black hole (Θ = 0.05 and Θ = 0.12) and
the Schwarzschild black hole (Θ = 0.0) is shown in Fig. 5. We observe that when we increase the value of parameter
Θ the total absorption cross section is reduced as previously noted in the case of partial absorption in the graph of
Fig. 1.
Figure 6 shows the comparison of the total absorption cross section for the noncommutative black hole (Θ = 0.045
and Θ = 0.065) and the Reissner-Nordstro¨m black hole (Q/M = 0.5).
Finally, in Fig. 7 we plot the total absorption cross section and we compared the cases of the non-commutative
black hole (Θ = 0.085 and Θ = 0.115) with the extremal Reissner-Nordstro¨m black hole (Q/M = 1.0).
Other types of black holes that have similarities to the Reissner-Nordstro¨m black hole have been analyzed in [45]
and [46].
III. CONCLUSIONS
In summary, in this work we have explored the scattering of scalar waves by a noncommutative Schwarzschild black
hole at the low frequency limit by using analytical methods and at arbitrary frequencies by numerical methods. We
have determined the phase shift analytically and have used this phase shift to obtain the scattering and absorption
cross section at the low frequency limit. We have obtained that at the small angle limit the dominant term of the
differential scattering cross section is modified by the presence of the θ parameter of the noncommutativity. We
showed that the result for the differential scattering cross section as well as the absorption cross section is decreased
due to the noncommutativity effect. In addition, we have solved numerically the radial equation in order to calculate
the partial absorption cross section for arbitrary frequencies. As a result we have shown that the absorption has its
value decreased as we increase the value of the noncommutative parameter Θ. Therefore we have verified that the
parameter Θ simulates the effect of an “effective charge” in the model. Therefore, the results obtained are similar to
8the scattering process of a massless scalar wave by a Reissner-Nordstro¨m black hole, with the difference being due
to the fact that the generated charge in this case is a consequence of the space noncommutativity. We also have
identified that the square root of the noncommutative parameter is proportional to the square of the electric charge.
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